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The response of a single-degree-of-freedom system with dry friction under a constant
velocity of the base and/or harmonic driving force is analyzed via either closed-form or
numerical approaches.

The "rst main purpose of this paper is to investigate the in#uence of the base speed on the
system response. To this end, in the case of a moving base with and without a harmonic
driving force, as a new result, closed-form solutions are presented under the assumption of
Coulomb's friction law, including a static coe$cient di!erent from the kinetic one. In more
detail the existence of a critical base velocity is proved, which is the lower bound of no-stick
and base-velocity-independent motions.

The second main purpose of this paper is to investigate the in#uence of friction modelling
on the system response. To this end, the results achieved via the Coulomb's law are
compared with those obtained via a particular velocity-dependent friction law; the proposed
law allows the static coe$cient to exponentially decay to the kinetic one, still preserving the
discontinuity at null relative speed. The purpose at hand has also been accomplished by
using standard numerical methods. ( 2001 Academic Press
1. INTRODUCTION

Friction oscillators are popular subjects of analysis. Such interest can be explained in two
ways. First of all, they appear in everyday life as well as in engineering systems [1}4], thus
their study is of considerable practical value. In the second place, the complex dynamics
exhibited by simple friction systems is a good testing bench for non-linear theories.
Friction-induced vibration, chatter and squeal cause serious problems in many industrial
applications, including turbine blade joints, robot joints, electric motor drives,
water-lubricated bearings in ships and submarines, wheel/rail coupling of mass transit
systems, machine tool/work piece systems and brake systems. These forms of vibrations are
undesirable because of their detrimental e!ects on the operation and performance of
mechanical systems. They can cause excessive wear of components, surface damage, fatigue
failure, and noise [1]. As far as the theoretical motivations are concerned, one of the most
important topics is the qualitative study of these systems, including the stability and
bifurcation analysis and the explanation of chaotic regimes. Single-degree-of-freedom
systems with dry friction have been recently studied by simulations quoted in
references [2}4]. In the present paper, the motion of a single-degree-of-freedom
systems with dry friction is studied via either closed-form or numerical approaches.
The following standard excitations are considered: (1) moving base with constant velocity
[5}10], (2) harmonic driving force [11}17] and (3) the superimposition of both [3, 12,
17}20].
0022-460X/01/340685#15 $35.00/0 ( 2001 Academic Press
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The aim of this paper is two-fold; i.e., to study how the response of the system is a!ected
by the base speed and by the friction law. In case (1) original closed-form solutions will be
found for both transient and steady state motion, where Coulomb's friction law is assumed
distinguishing the static and the kinetic coe$cient. In the cases (2) and (3) a numerical
investigation will be performed by assuming a particular non-smooth velocity-dependent
friction law where the static coe$cient exponentially decays to the kinetic one with
a negative slope. In case (2) closed-form solutions are known in the literature for Coulomb's
friction law [11, 13]; therefore in this paper numerical solutions will be sought in order to
evaluate the in#uence of the negative slope on the system response. Moreover, in case (3) the
in#uence of the base speed on the system response will be analyzed via either a closed-form
or a numerical approach.

2. MODEL OF A S.D.O.F. FRICTION OSCILLATOR

2.1. EQUATION OF MOTION

The mechanical model of the friction oscillator excited by a moving base and subjected to
a driving force is shown in Figure 1. A mass m is connected via a linear spring of sti!ness k to
a "xed support, and its position at the actual time q with respect to the rest place x(0)"0 is
denoted by x (q); in the following the prime will indicate di!erentiation with respect to q. The
mass can slip on a rough surface which slides with a constant velocity v

0
; furthermore it may

be externally excited by a harmonic driving force having an amplitude F
0

and frequency X:
F
t
(q)"F

0
cosX q, where the subscript &&t'' denotes the tangential direction with respect to

the sliding surface. The mass is subjected to a constant compressive force F
n
*0 normal to

the surface and the interaction between the mass and the sliding surface, which slides with
respect to the mass with relative velocity v

rel
"v

0
!x@ (q), is described by a friction force

j
t
(v

rel
). Thus, the equation of motion reads

m
d2x

dq2
#kx!j

t
"F

0
cosXq (1)

and it can be normalized using

t"uq, u"S
k

m
, g"

X

u
, (L0 )"

d(L)

dt
"

1

u
d(L)

dq
, v

rel
"v

0
!uxR , (2)

where t denotes the non-dimensional time and the overdot indicates di!erentiation with
respect to it.

From equations (1) and (2) it follows that

xK (t)#x(t)!
j
t

k
"u

s
cos gt, (3)

where u
s
"F

0
/k. It should be noted that all the terms of both sides of equation (3) have the

physical dimension of displacement.
The problem of modelling a friction force is still open, because the physics of dry friction

is not completely understood; di!erent models are used to reproduce various phenomena.
There are two main theoretical approaches to model dry friction interfaces: the macro-slip
and micro-slip approaches [1, 2, 4]. In the micro-slip approach, a relatively detailed analysis
of the friction interfaces must be carried out. Generally speaking, the micro-slip approach
can provide more accurate results only when the normal preload between the interfaces is



Figure 1. Model of the single-degree-of-freedom friction oscillator excited by moving base and driving force.
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very high, and at the expense of a higher computational e!ort. In the macro-slip approach,
the entire surface of the friction interface is assumed to be either slipping or stuck. We use
the word macro-slip because larger-scale motion occurs when the mass velocity exceeds the
transition speed from stick (micro-slip) to slip (macro-slip). Kinetic friction, i.e., the force
necessary to keep sliding at a constant velocity, depends on the sliding velocity of the
contact surfaces [21, 22]. With this respect, smooth [3, 14, 21] and non-smooth [3, 14, 16]
velocity-dependent friction laws have been proposed in the literature. In more detail, the
discontinuity at null sliding velocity is physically realistic, even though it might be not easy
to be dealt with in some cases, for purposes of simulation. But the problem with the smooth
model is that it allows the mass to accelerate even though the external forces on the body
are less than the static friction force. Also, the need for a very steep slope around the null
sliding velocity can result in very short integration time steps and numerical di$culties. The
previous remarks led us to adopt non-smooth velocity dependent friction laws in the
following analysis.

2.2. COULOMB'S FRICTION LAW

In this approach, the friction coe$cient between the interfaces can be assumed to have
two discrete values, Figure 2(a), one (k

s
) representing the static friction, the other (k

k
) the

kinetic friction coe$cient, or to be constant (k
s
"k

k
); in any case k

k
is independent of v

rel
.

When the mass is at rest, the static friction will take the value necessary to balance the
forces, which implies that the friction force will assume whatever value in the range
[!k

s
F

n
, k

s
F

n
] that is necessary to keep the contacting surfaces from sliding. Only if the

magnitude of the external forces exceeds the peak force k
s
F
n
, will the body begin to slide. If

the static friction is exceeded, the friction takes on the value of the kinetic friction, therefore
the friction function kL (v

rel
) is discontinuous and multivalued at v

rel
"0.

During the slip mode (v
rel
O0), the following relation

j
t
(v

rel
)

k
"k

k
u
0
sign (v

rel
) (4)

holds, where u
0
"F

n
/k.



Figure 2. Velocity-dependent friction laws. (a) Non-smooth Coulomb; (b) switch model (exponential law).
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During the stick mode (l
rel
"0) the friction force balances the sum of the elastic restoring

force and the driving force:

j
t
(0)

k
"x (t)!u

s
cos gt (5)

and the transition from stick to slip occurs when

j
t
(0)

k
"k

s
u
0
sign(x!u

s
cos gt). (6)

That is, if the static friction force, needed to create an equilibrium with the applied forces on
the mass, equals the breakaway friction force k

s
F
n
, the system is considered to be in

transition from stick to slip.

2.3. NEGATIVE SLOPE FRICTION LAW

In the switch model [8, 9] a region of small relative velocity, shaded in Figure 2(b), is
de"ned as Dv

rel
D(vN where vN @v

0
: the system is considered to be in the stick mode if the

relative velocity lies inside this narrow band, which is necessary for a numerical
computation.

In this paper, the switch model, as proposed in references [8, 9], is slightly improved by

(1) modelling the kinetic friction force via a particular velocity-dependent law, where the
force exponentially decays with the relative speed to a residual value of friction,
according to some experimental results in metal surface [21, 22];

(2) introducing a harmonic driving force as an external excitation.

By de"ning the state vector (x
1
, x

2
, x

3
),(x, xR , gt), the equations of motion governing the

switch model read as follows:
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"
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"
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3
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3
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3
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It can be observed that xR
1
and xR

2
have the physical dimension of displacement whereas xR

3
is

a pure number. The thickness parameter vN of the narrow band has to be chosen by the user.
The parameter vN chosen should be su$ciently small; by su$ciently small it is meant that vN is
small enough to have no qualitative in#uence on the solution. In practice, vN therefore is
often chosen to be much smaller than the amplitude of the mass velocity xR

1
, or smaller than

the belt velocity v
0

[9].
The kinetic friction force is modelled by the following velocity-dependent law (Figure

2(b)):

j
t
(v

rel
)"!F

n
[k

k
#(k

s
!k

k
) exp!dDl

rel
D] sign (v

rel
) (8)

which exponentially decays to a residual value of friction k
k
. Parameter d in equation (8)

quanti"es the descent steepness (negative slope) of the friction force.

3. MOVING BASE WITH CONSTANT VELOCITY v
0

Energy is transferred from the moving base only (v
0
"const., F

0
"0) to the discrete

spring}mass oscillator via the friction force.

3.1. SYSTEM RESPONSE FOR COULOMB'S FRICTION LAW

For Coulomb's friction law (k
s
*k

k
) of section 2.2, closed-form solutions are determined,

as a new result, for the stick mode and for the slip mode: the exact states of transition from
one mode of the other are explicitly calculated and implemented as initial values for the
solution of the subsequent modes. In the following, only the original results are presented,
the intermediate relevant calculations and proofs having been omitted because of their
cumbersomeness.

3.1.1. Steady state motion

For a given base speed v
0
, a particular region (shaded in Figure 3(a)) in the phase plane is

de"ned by the following inequality:

C
4
: (x!k

k
u
0
)2#xR 2(

v2
0

u2
(9)

The boundary of C
s

is a circumference having centre co-ordinates (k
k
u
0
, 0) and radius

RC
s
"v

0
/u.

The initial condition state point is denoted by P
0
"(x

0
, xR

0
). If P

0
3C

s
, periodic solutions,

with (non-dimensional) period ¹"2n, do exist in a pure slip mode: the trajectory in the
phase plane is

s
s
: (x!k

k
u
0
)2#xR 2"(x

0
!k

k
u
0
)2#xR 2

0
(10)

which represents a circumference having radius Rss"J(x
0
!k

k
u
0
)2#xR 2

0
and centre

co-ordinates (u
0
k
k
, 0). It can be noted that the centre of s

s
coincides with that of C

s
, and P

0
obviously belongs to s

s
. The mass will rest if P

0
coincides with the centre of C

s
.

If P
0
NC

s
, the transient motion is attracted by the following limit curve s

ss
:

s
ss
:G

uxR (v
0

(x!k
k
k
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)2#xR 2"vÈÒuÈ

#u2
0

(k
s
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k
)2,

u xR "v
0

u
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(2k

k
!k

s
))x)u

0
k
s
.
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Figure 3. Phase portraits of the transient and steady state motion for general initial conditions. (a) steady state
motion; (b) transient motion.
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The limit curve is comprised of a circumference arc having centre co-ordinates (u
0
k
k
, 0) and

radius Rsss"Ju2
0

(k
s
!k

k
)2#v2

0
*u2 and of a straight segment beginning at P

a
, ending at

P
b
, and hence having a length 2u

0
(k

s
!k

k
). It is worth noting that the displacements of

point P
a
and P

b
, i.e., the extreme points of the steady stick motion, do not depend on v

0
; the

(non-dimensional) duration of the steady stick motion is

Dt
st
"2u

0
(k

s
!k

k
)u/v

0
. (12)

With reference to Figure 3(a), t
b
is the time at which P

b
is attained for the "rst time; in order

to evaluate the (non-dimensional) duration Dt
sl

of the steady slip motion, equation (3) and
(4) relative to the slip mode is solved for the initial condition x"x (t

b
)"u

0
k
s

and
xR "xR (t

b
)"v

0
/u and the desired value

Dt
sl
"arccos
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0
/u2!u2

0
(k
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!k

k
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0
/u2#u2

0
(k

s
!k
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(13)

is calculated by imposing the condition xR (t
b
#Dt

sl
)"l

0
/u. Also in this case the response is

periodic with (non-dimensional) period ¹"Dt
st
#Dt

sl
.

3.1.2. In-uence of the base speed on the steady state response

In order to analyze the in#uence of the base speed on the steady state response, the
lessening sign in inequality (9) is substituted by the equality sign and the equation so
obtained is solved in terms of v

0
for "xed initial conditions (x

0
, xR

0
); therefore, the following

critical value for the base speed is yielded, Figures 4(a) and (b):

v*
0
"uJ(x

0
!k

k
u
0
)2#xR 2

0
(14)

such that LC
s

passes through P
0
"(x

0
, xR

0
). In other words, if the de"nition of C

s
given

above is recalled, the physical meaning of the critical value v*
0

does appear: if the



Figure 4. In#uence of base speed on the steady state response for "xed k
k

and P
0

(Coulomb1s friction law).
(a) In#uence on displacement amplitude; (b) in#uence on the duration of the stick mode.
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base velocity v
0

is larger than v*
0

non-stick and base-velocity-independent motions are
exhibited.

(1) If v
0
(v*

0
(i.e., P

0
NC

s
) the maximum displacement depends on v

0
according to the

monotonically increasing relationship x
max

"k
k
u
0
#Jv2

0
/u2#u2

0
(k

s
!k

k
)2 which

becomes linear for k
s
"k

k
. The durations Dt

st
, Dt

sl
of the steady stick mode and of the

steady slip mode are given by equations (12) and (13); thus the period is ¹"Dt
st
#Dt

sl
.

(2) If v
0
"l*

0
(i.e., P

0
NC

s
) transition between pure sliding and stick}slip motion takes place

and the maximum displacement is x
b
"k

k
u
0
#Jv*2

0
/u2#u2

0
(k

s
!k

k
)2 .

(3) If v
0
'v*

0
(i.e, P

0
3C

s
) the maximum displacement x

c
"k

k
u
0
#J(x

0
!k

k
u
0
)2#xR 2

0
)x

b
is independent of v

0
and the duration of the steady stick mode is zero (i.e., pure slip

mode); the period becomes independent of v
0

and equal to 2n.

Thus, as v
0

increases up to v*
0
, x

max
increases up to x

b
, then it abruptly falls to x

c
, whereas in

the case of k
s
"k

k
, x

max
"k

k
u
0
#v

0
/u and attains x

c
without any jump.

The above results can be particularized to the case of k
s
"k

k
: in more detail, it should be

noted that s
ss

coincides with LC
s
, the steady stick motion reduces to one point and the

(non-dimensional) period of the steady state motion is in any case independent of v
0

and
equal to 2n.

3.1.3. ¹ransient motion

If P
0
NC

s
, a transient motion is exhibited which is comprised of a "nite integer number

n*0 of sliding modes and a "nal stick mode.
A straight segment P

c
P

b
has been found

C
ts
: uxR "v

0
!u

0
k
s
)x)u

0
k
s

(15)

such that if P
0
3C

ts
no transient slip modes are exhibited (n"0) and the transient motion is

constituted uniquely by a stick mode coincident with the segment P
0
P

b
3C

ts
.

If P
0
NC

ts
, n'0 and for a "xed &&n'', two particular regions have been found (Figure 3(b))

C`
n

:"c`
n

Cc`
n~1

C~
n

:"c~
n

Cc~
n~1

(16)
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where the backslash ( C ) denotes set subtraction. The regions c`
n

and c~
n

are de"ned as
follows:
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n

: GuxR (v
0
, (x!k

k
u
0
)2#xR 2)
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k
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0
(k

s
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k
)

(17)
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: GuxR 'v
0
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k
u
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0
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0
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s
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k
]2

u xR "v
0
, !u

0
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s
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k
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0
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s
#(2n!1)k

k
]
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The plane regions c`
n

and c~
n

are circumferential bowls of centres (Gk
k
u
0
, 0) and radius

Jv2
0
/u2#u2

0
[k

s
#(2n!1)k

k
].

Starting from either P
0
3C`

n
or P

0
3C~

n
, the transient motion is constituted by &&n''

subsequent slip modes and one stick mode: the trajectory will belong alternatively to the
sequence

C$

n
PCG

n~1
PC$

n~2
P2P C

ts
P limit curve s

ss
.

hggggiggggj hij
&&n'' transient slip modes transient stick mode

Each slip trajectory is de"ned by a circumference arc and the transition from one to another
occurs at the sign inversion of the relative speed. The convergence of the solution of the
transient slip modes to the transient stick mode and then to the limit curve has been veri"ed
by matching with each other the subsequent regular paths of motion. In more detail, as far
as the sequence of transient slip modes are concerned, each mode is governed by the
equation of motion (equation (3)) and by the friction force (equation (4)) and the transition
from one mode to the subsequent one is ruled by null relative velocity and external force
exceeding the breakaway friction force. The transition from the last transient slip mode to
the transient stick mode is decided by null relative velocity and external force getting
smaller than the breakaway friction force; so far, a transient stick mode of the "nite duration
takes place, which ends in a system state belonging to the limit curve, as soon as equation (6)
is satis"ed.

3.2. SYSTEM RESPONSE FOR NEGATIVE SLOPE FRICTION LAW

The aim of this section is twofold: (1) to evaluate the in#uence of the base speed on the
system response for di!erent friction laws, namely Coulomb's law and negative slope law,
and (2) to perform a sensitivity analysis of qualitative properties of the obtained numerical
solutions as far as the descent steepness of the negative slope law, governed by parameter d,
is concerned. The analysis of the system response where the negative slope law is adopted to
simulate friction force requires the use of the switch model of the section 2.3. It should be
noted that if the driving force is missing (u

s
"0) the governing equations read as follows:

Stick Stick to slip transition Slip

xR
1
"

v
0

u
, xR

1
"x

2
, xR

1
"x

2
,

xR
2
"

v
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u

, xR
2
"!x

1
!

k
s
F
n

k
sign(!x

1
), xR

2
"!x

1
#

j
t
(v

rel
)

k
, (19)



Figure 5. In#uence on base speed on the steady state response for "xed k
k
and P

0
"(0, 0) (Negative slope law

with u"1 rad/s, k
s
"1)0). (a) In#uence on displacement amplitude; (b) in#uence on the duration of the stick

mode.
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where j
t
is still given by equation (8). The numerical solutions of equations (19) have been

obtained via the Runge}Kutta}Fehlberg integration algorithm [23], taking a tolerance
much smaller than vN [9].

With reference to the "rst aim, even in the case of the negative slope law, a critical velocity
v*
0

does exist, which in addition depends on d, besides x
0
, xR

0
and u, as it happens for

Coulomb's oscillator, equation (14). The function v*
0

(x
0
, xR

0
, d, u) is unfortunately unknown

in closed form; thus Figures 5(a) and (b) refer to the case u"1 and to natural initial
conditions, whereas the dependence of the critical base speed on the parameter d is shown in
numerical form.

Figure 4(a) (Coulomb's law) should be compared with Figure 5(a) (negative slope law),
which shows the dependence of x

max
on v

0
for di!erent values of decaying coe$cient d,

equation (8). In more detail, the critical velocity l*
0

increases as the module of the negative
slope reduces (dP0), and when the base speed exceeds this critical value, x

max
abruptly falls

to the value x
c
"k

k
u
0
#J(x

0
!k

k
u
0
)2#xR 2

0
. For di!erent values of d, an analogous

comparison between Figures 5(b) and 4(b) can be done as far as the dependence on l
0

of the
durations of the steady stick and slip modes is concerned.

The comparison of the system responses for Coulomb's law (Figure 6(a)) and negative
slope (Figure 6(b)) in the phase plane for natural initial conditions shows that, for the
negative slope, the length of the stick mode increases as the base velocity increases, whereas
in the case of Coulomb's friction law it is independent of l

0
and is given by 2u

0
(k

s
!k

k
), as

already shown in section 3.1.

4. THE PRESENCE OF DRIVING FORCE

4.1. STICK}SLIP TRANSITIONS

As an aid in describing and understanding non-linear systems, one can introduce maps
between di!erent sections of the state space. A convenient way to study non-smooth
oscillators is a map P relating one discontinuity to the next. The structure of the
three-dimensional phase space for the friction oscillator motivates a natural choice [3, 13].
The basic dynamics of the friction oscillator can be described by a &&stick}slip transition''
map P

F
(/), where / is de"ned by /"x

3
mod2n/g. This map relates the phase /

i
where the

velocity x
2,i
"l

0
, at a transition point from stick to slip, to the phase /

i`1
of the next

stick}slip transition. In general the map works on Poincarè section:

R
F
"M(x

1
, x

2
; /) D x

2
"v

0
, D!x

1
#u

s
cos/ D"k

s
u
0
N (20)



Figure 6. Phase portraits of the transient and steady state motion for natural initial conditions. (a) Coulomb's
friction law (k

s
'k

k
); (b) negative slope (k

s
"1)0, k

k
"0)8, d"1 s/m and v

0
"0)0}1)00 m/s).
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which represents the sticking region, so that the system dynamics is reduced to dimension
one. The stick}slip transition map reads as follows:

P
F
: G

R
F

P R
F

/
i
P /

i`1
.

(21)

So, by means of the map P
F

one can study the system dynamics of the investigated
non-smooth systems. Unfortunately, P

F
cannot be given explicitly [13] and in the following

it will be obtained via the Runge}Kutta}Fehlberg integration algorithm [23]. Let /
0
3&

F
be the state of the "rst transition of the orbit. The map P

F
allows us to determine the

countable set of the next transition state /
i
3R

F
:

/
i
"Pi

F
(/

0
), Pi

F
"P

F 3
P
F 3

2
3
P

F
hggiggj .

i times (22)

A j-transition periodic motion is simply de"ned by the equation

Pj
F
(/

0
)!/

0
"0. (23)

In other terms, a j-transition periodic orbit is completely de"ned as the "xed point of the
map Pj

F
.

4.2. DRIVING FORCE AND FIXED BASE (F
0
O0, v

0
"0)

The model adopted to simulate the friction characteristic can a!ect the response of the
friction oscillator, both quantitatively and qualitatively, namely the number of stops per
cycle, the maximum amplitude of displacement and velocity, and the period of steady state
motion.

As a sample application, Figures 7(a) and (b) allow one to compare, respectively,
displacement and velocity time-histories for a Coulomb oscillator with the negative slope



Figure 7. Comparison between Coulomb's (thin line) and negative slope (d"1 s/m, thick line) laws (k
s
"0)5,

k
k
"0)1, g"0)1, u

s
"1)0 m). (a) Displacement time-histories; (b) velocity time-histories.

Figure 8. External force acting on the mass in terms of displacement (k
s
"0)5, k

k
"0)1, g"0)1, u

s
"1)0 m).

(a) Coulomb's law; (b) negative slope law (d"1 s/m).
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oscillator of section 2.3. It can be of some interest to observe that the negative slope
oscillator steady response has a period which is twice that of the Coulomb oscillator, while
two and one stop per cycle are exhibited, respectively, in the former and in the latter case.
Coulomb oscillator and negative slope oscillator can also be compared in terms of energy
dissipated during one response cycle. To this end, with reference to the cases studied in
Figure 7, a diagram has been traced by plotting the external force (i.e., the sum of frictional
and restoring forces) acting on the mass in terms of displacement. In this way the enclosed
area measures the energy dissipated by friction. This is done in Figures 8(a) and (b) referring
to the hysteretic behaviour of Coulomb and negative slope oscillators respectively.

4.3. DRIVING FORCE AND MOVING BASE (F
0
O0, v

0
O0)

The combined e!ect of moving base and driving force determines the existence, for each
value of the frequency ratio, of a critical value v*

0
of the base speed above which the response

is not a!ected by v
0
, as already observed in section 3.

In the case of Coulomb friction, this critical value has been found in closed form (solid
line in Figure 9) as illustrated in the following. For any initial condition, assuming v

0
O0

(e.g., v
0
'0, without loss of generalities) causes the "rst regular path of the transient motion

to be characterized by the slip mode, with the exception of the trivial case
( Dx (0)!u

s
D)k

s
u
0
, xR (0)"l

0
/u) which determines an initial stick mode. The equation of

motion (3) with the friction force (equation (4)) admits a closed-form solution in terms of
velocity:

xR (t)"
xR
0
(g2!1) cos t![u

s
#(g2!1)(x

0
!k

k
u
0
)] sin (t)#u

s
g sin gt

g2!1
. (24)



Figure 9. In#uence of base speed on displacement amplitude for Coulomb's (solid lines) and negative slope
(dashed lines) laws for k

s
"1)0, k

k
"0)8, d"1 s/m, u

s
"1)0 m.

696 U. ANDREAUS AND P. CASINI
The inequality

xR (t)(
l
0

u
∀t (25)

avoids slip}stick transitions and allows the oscillator to inde"nitely remain in the slip mode.
In fact inequality (25) prescribes the relative velocity, given by equation (2)

5
, to be always

larger than zero; whereas a stick}slip transition occurs when the relative velocity gets a null
value.

In order to investigate the consequences of equation (24) and to make their interpretation
easier, the study is herein limited to the forced response which, yet being a particular case, is
widely encountered in practical applications. This end is achieved by introducing in
equation (24) the particular initial conditions

x (0)"k
k
u
0
#

u
s

1!g2
, xR (0)"0 (26)

which anneal the general solution; therefore, equation (24) reads as follows:

xR (t)"
u
s
g

D1!g2 D
sin gt (27)

and inequality (25) becomes

xR (t)"
u
s
g

D1!g2 D
sin gt(

v
0

u
. (28)

Thus, obviously, if it happens that

v
0
'u

u
s
g

D1!g2 D
(29)

inequality (28) does hold for every time t. De"ning

v*
0

(g, u) :"u
u
s
g

D1!g2 D
(30)



Figure 10. Period-doubling cascade for v
0
"0)5 m/s, k

s
"1)0, k

k
"0)8, d"1 s/m and u

s
"0)5 m.

Figure 11. Di!erent types of responses. (a) One-transition periodic solution (g"1)250); (b) two-transition
periodic solution (g"1)370); (c) three-transition periodic solution (g"1)415); (d) six-transition periodic solution
(g"1)424); (e) chaotic behaviour (g"1.431).
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shows the explicit dependence of the critical relative velocity on g and u (linearly) and the
implicit dependence on the initial conditions (26). In other words, if l

0
is larger than l*

0
, then

xR (t) is always smaller than v
0
/u and therefore, since no sign inversion of the relative speed

can occur, the response is independent of belt speed.
By using the negative slope model, we have numerically found that a critical base velocity

l*
0
(g, d, x

0
, xR

0
) still exists and increases as dP0 and as gP1; the initial conditions (26) and

u"1 yield the numerical results represented by the dashed lines in Figure 9.
In the bifurcation diagram of Figure 10 the displacement characterizing the transition

from stick to slip is plotted as a function of the bifurcation parameter g, for the friction
characteristic of Figure 2(b). One can distinguish one-periodic and higher-periodic
solutions. For large values of g, period-doubling cascades have been found, which indicate
a route to chaotic motion. For clarity, once again the phase plane plots of one-, two-,
three- and six-transition-periodic solutions, as well as of chaotic motion are shown in
Figure 11 (top). The corresponding trajectories in the three-dimensional state space are
illustrated at the bottom level of the previously mentioned Figure 11.
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5. CONCLUDING REMARKS

The motion of a s.d.o.f. friction oscillator has been analyzed under (1) constant velocity
imposed to the base, (2) harmonic driving force and (3) their combination.

As a new result, closed-form solutions have been found in the case of a moving base with
Coulomb's friction law. The steady state motion is characterized by either a pure slip mode
or a stick}slip mode: the trajectories equations have been given for either cases in the phase
plane as well as the conditions to be satis"ed by the initial state in order to avoid noising
stick}slip vibrations. The in#uence of the base speed both on the amplitude of displacement
and on the stick mode duration has been examined; in particular, a critical value of the base
speed (depending on the initial conditions and on the kinetic friction) has been found in
a closed form above which the oscillator response does not depend on the base velocity and
the stick}slip vibrations disappear. The transient motion has been studied to "nd the
conditions which must be satis"ed by the initial state in order to determine the sequence of
pure slip modes and the unique stick mode preceding the steady state. The in#uence of the
friction model on the system response has been analyzed by using a &&negative slope'' friction
law and the existence of a critical value of the base speed has been demonstrated also in this
case, which increases as the descent of the decaying branch becomes less steep.

In the case of a harmonic driving force the in#uence of the friction model on the steady
response has been studied by comparing the results obtained by either the Coulomb's or the
negative slope laws: in the latter case the period and the number of stops per cycle can
signi"cantly increase.

Also in the case of a combined moving base and driving force with Coulomb's law,
a critical value of the base speed has been found in the closed form for each value of the
frequency ratio and for given initial conditions; as in the case of the exclusive presence of the
moving base, the oscillator response is independent of the base velocity whenever it exceeds
the critical value. It has been recognized that, in the presence of a negative slope, this critical
velocity shifts towards larger values as the slope gets less steep. For a response depending on
base velocity, period-doubling cascades as well as n-periodic solutions exhibiting more than
one cycle and chaotic motions are exhibited.
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